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Delone Se.ts
A wai \—orm\\3 oliscrete  and rdmﬁw% dinge et Ace ﬂf‘ s called Delone .




Delone Sets
A wi \'orm\\3 distrete  and rqlm’(iw\ﬁ dinse set Ac ﬂf‘ s called Delone .
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From Wikipedion From Booke and Grimm's  Aperiodic Ordar Vol 4

A basic Frolo\mv\ s to dos.siﬂ-\} ondk Meoaswe how ordeced o disordlered
N 3&2\!\ Delok st S, comi)oxrw\ to o latfice.




Lattico. -like Pf-o?o.rl‘ies

For xel, r>0 the r‘-‘mtc‘/\ of Nat x s ?Ar(x) (l\ x)ﬂ B(o (‘)
. Fm«f& (ocm( Qomfl.utd'\) (FLC) N \J % QW

\d e &{ P/\’r(x) I 1€A} <® F"": Booke M Graow's pridic Oér-ohré Vol 4 o




(attice-ike Propo.rl‘izs

For xe, ¢50 the r‘-Pod’c\/\ of Aot x s ?A((i) (l\ x)n E,(o f‘)
* Fm&( (ocal Qomfl!uu{'\) (FLQ) 7T AY % %

V >0 f{ PA (_(Jt) I IQA} < 0 Fromd buhm;&mm's dAPlrioJic Oénhfb \el 4 o
)

. RQ‘)Q.htN\t\) YV rs>o 3 R- R(r) So H\oJ: Q\/Qr\) R-boll

contoing o Cnpj a{’. Q\/Qr\) - pmﬁc\r\. Linear rQPQtl ﬁd'&j:
R() is linear. Uni ﬁ—orm Pcd'ck {-f‘e,ol\lmc.): Pa{'ckQS

osPPq,w n ml\- ol&f-iv\c,o\ fraquu\c&s.



(attice-ike Proiw.rﬁts

For xe, r>50 the r-‘mfc\/\ of Aot x is ?M(i) (l\ X)DE(O r)
e Finte (ocal Qomfbuu{'\) (FLe): N e N N

V >0 f{ PA (_(l) I xeA} < oQ Frow: th.on;Gftmm'S dAPlrioJic Oich:\loli -
p ]

. QQPQ,‘:RH\JRT\): Yr>o 3 R:=RE) so bhat Q\/Qr\) R-bell

contowns o Copy of every - po\ﬁc\r\. Linear rQPQﬁ ﬁd&):
R(-) is linear. Uni ‘—or‘m Pcd‘ck {-re,olumc.): Pohk@&
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Sfms ond D\Jnm(c,al S\,sl'ems o‘» DQ.\DM. So.ks

St Xa= § At teRAS , where the closwe (s with respect & o
noturol ’(oi)o\obb on Delone sets (induced L,«) the Hausdorff metric

restricted to centered balls) @@

®© 6 ©
©)
® %@

* A s (olwost) rQPo.ﬁ{'in_ = Thae a(cﬁnownim\ StjszM (Xa, rRA) <

mwimal (Q\mn) orkit ig denge)

¢ (olwmost) linear repetit ik-\) = U\V\i(\\/\Q Q‘“‘j““qtﬂ ( \mic'v.q (vNOviont measure)

Rodin - ‘ Damonik | WW\S ‘ Freftloh |,
( W 0&-‘_ N, %obm»)m\t 9%y ) Leny o\ , Pleosonts oy , Rickaurdk \‘\)
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Substitution _Ti-lings
d

A tiling is o collection of tiles with olig)oint titeriors that covecs R
A substitution cule on o set of protatiles is A - &
a tessellation of each protstile by rescaled

— A

probetiles , with o fued scale e (o))

Rz?eo&ed aPP\ico&ions of the substitution rule Followed L\3
N rumﬁng AszQ (ow)er and (o\rger Pcutdus.
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Incommansurable Multiccole Su’osl’ifuﬂon T’d‘mgs

. 4 : :
A multiscole substitution scheme 6 mu R conssts of. o substitution

cule on wit Yolume Pro'to'l'i les T;,.. T, whece A — ﬁ

ol ous o(iﬁm‘t SCOu(Q.S aﬂ)w and SO\tisFt) V W

a sivnph. incOmenSuro\bilv) condition .

A time-dependent substibution semitlon) i defines o fowily of potehes:
At tne t0 FL(M)= T, and as t icreases the petch
ts inflated &) e ond tiles of udume>{ are
substituted.
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Some Pred eQessors

. Qo\wt\gs froctal %

mulh‘)\e (but commenguroble) seales

. Conwm\) ond Rodin'e Pinwheel h\(v\ﬂ EX

0 - arcton Yy =) same teiangle incommensureble dicectiong

(] ° SQA\AVCS 3@\@‘0&\&(* Pi“wheel h(\nﬁs ’98

| | ' " - o olwoys split
o - Kakutoni Sequances i (0] "3 F——— (on5e;5t ivdﬁ')qfvm(

¢ 8§ 20: multiscale substitubion Kokutont SeqURNCes of poxrtiﬁov\s




The Associnted mep\\ G.c

A dicected waig\nteol 3"‘0?\!\ S olR{-iV\eo\ omor‘alir\g to 6

log5 log5
‘
log2
V W log5/2

Uectices model the pe obotiles
Edges model the tiles aPon\rin5 m the substitution cule with
Lemjﬂ\s = (gs(l /scalR)

6 (¢ (ncommensuroble { G contons two closed paths of Lm){:\ns %’é&,,
Iwnco mmﬂnSWU& W\\AlﬁSCO\(Q substitubion shames ngrah TN
olistiv\cf clags a_g, f'i((n3s o_£ RA.
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C ow\ﬁng in uu’isuall Sukﬁtu&ior\ -E‘.it\ss

Peroh—

Subgtitution % tiles Poi‘ch.us _ Q"\tm?» °£,. powers o; the FroLenivs
substitution matrin S Theorem

Lo hes)

Directed walks of (mi{:k t'}

m G‘e oritaino\\?inj ot vertex ¢

Mulbigeale [T&l_es N F-E (‘l:)}<—>{

Exam':b. the +- Kokutowmy schame i R
L

| I/3 | A : l,953 % l°33/?.

the patthes £(I), Fiy (D), Foo3(D) ond thar mspexﬁ\w. ks

o o oo C0




C ow\ﬁng in muu’isuall Sulws{'itu&ior\ -E‘.ings

Theorem (331 21, $>7, rdbin«) on Kiro, Smi\omskij 2 '20)

T -
vTHe1 g

Sl (R (M)
A A

l’ot&l M hite
e UATS {.wgot('l‘ - (E9) N/ W

contﬁ'out On o_s, ceds to @k n‘ N\'\\fﬁ
Q':\:r‘:&\) (H ) \[OL(T) &3 GOL(T) ( z.s' zra‘;bzr zs'"5;.‘r “?‘J )

9.
T t:ve -sbyg Sl

- i # reds in white

combu\o\toncs (5 g 5
moteri (\} =
‘) T*tbm 96 (l 3)

ond ' = left Perron-FPobmius ugendector of Vs

Theorem (S312) JkeN ¥V 50 3 t2t,: S50 2 ¢ S



Bounoho\ Dts‘)(o&m\mf Eciu Nalence

e Delone sgbs Al GIRO\ are bounded olisP(acament (RD) Qc'ui\lo\l.mf i 3
bi'\uﬂov\ Y:A— that moves every Point o bounded digtance .

o A is uniformly spread i it is BD to «2" for some x>
+ Not all Delone sets are wiiformly spread

Q_Zo ° ° ° ° ° ooooooooooooZ



Bounded Displocemnt Equitalence

e Delone sgbs Al GIRO\ are bounded olisPlachQnt (®D) Qqui\lo\lmt if 3
bi'\ed:iov\ Wy A= that moves every Point o bounded digtance .

o A is uniformly spread i it is BD to «2" for some x>

e Sets associated with {'i(iv\3$ with o s(ngle tile are \migorm\\) SPFQM
= (att ces & Periool«'c, sets (Dmo.w, 03“‘"‘} 9, Holl§ mom'w)Q tkeorem)

~N V. N/

A USSP IA TS,




Bounoho\ Dtsftmcmun’c Eciu Nalence

Caczkouich 792 For o Delong set AR tha %l\owivuﬁ ane Qo.viw\\em{':
- N Mﬂi{-oﬁv\(yj Spreadl ,
. There exist «.C30 so that Y AeQy: {finite unionsog (adtice cubes}
discrepnacy” 1§ (AOAY - - wol(A)] < C - uoly (3A)

J o((l:t (T))
= Lncommensurable multiscale substitution cReck E
TERM ~ tk

tilngs ore never \m\fermhﬁ spread .



Bounoho\ Dtsftmcmun’c Eciu Nalence

Caczkouich 792 For o Delong set AR tha %l\owivuﬁ ane Qo.viw\\em{':
- N Mﬂi{-oﬁv\(yj Spreadl ,
. There exist «.C30 so that Y AeQy: {finite unionsog (adtice cubes}
discrepnacy” 1§ (AOAY - - wol(A)] < C - uoly (3A)

J o((l:t (T))
= Lncommensurable multiscale substitution cReck E
TERM ~ tk

tilngs ore never \m\fermhﬁ spread .

Theorem (532 21) Lt X be oo mwimal P of Delore sets.
o Cither 3 NAeX wnformly spread , and than every NeX s such.

+ Or X contowns continuously many distinet BD class (epresentotives.

=>  LIncommensurable tilmg spoces contmin continuously mony BD closses.



Dynamics in Multiseale Subekitubion Tlings

Theorem ( %1 '20) (et T be an mcommensurnble fi(ing "N IRA
ond ( )(T ) fp\A) th‘t Rd ac(‘(nc) Lj fmns(mﬁohs.

C R (T-2) F(T)- &% for tao, xeR' (hofosphuric and geedtesic)
» (X, RY) s minimal = T is olumest repetitive

+ alwmost cepelitivity is ot lineor (s832%)

- (¢, RY) is un'u\\xd\} erqedic

T hog uv\iﬁ-or‘m Pafck fr(o'uan(QS

2

+ Lee- Sobmgo&'s 1?) : Pixdi%m{ion"




Dynamics in Multiseale Subekitubion Tlings

Theorem (SS; '22) (et T be an mcommensurnble fi((ng N IR"l
ond consider the semiflow F o on Xp (scenery flow)

o there exist dange orbits .

+ periodic orbits o (R = self siniloc ﬂ(ings

dt

» Prime orbit Huoram mglt) ~ % . to =

whare @)= % orbits T with minimal prrod Al) =t} (

Py, " Pk

N ‘ . i -A©)¢ ) |
. f(lmta 2etnn ?UV\QJ(‘O“ S‘(S) D G-e ) M(I-M‘.(s'))

whare (05), - 2 gollT)

T of type)
in T



C ow\ﬁng in muu’isualt Sulws{'itu&ion -E‘.inas

Theerem (%121, S22, m‘b"‘f) on Kiro, Smi\omskxjx /A '20)
Tiles and patches oppeac (n o dense set of seoles = ot FLC
MorQ,O\lQ(‘, we 5i\lQ. Qx‘)(ici‘.’ ?orm\os For O\S\sm?t'oﬁc O(Qnsi{'ie.s o{.:

+ ¥ ftles of bype o and vole Lokl in E @}
. Uo\ume(u $tiles of l"JPQ = and volelablwm g (ﬂ})

+ Expected wnlues for rondom portitions
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Cowd’ing in Multiceale 5\;&{'&{0&507\ -m.inss

Thewren (327, rdbir\a on Kiro, SM(\N\S‘QJ" 2 '20)

. OoxP distribution A= Delone set o} tile boundaries m o 1-dim til(ng

t L Neighbors in AOENN] of distoncec b} f’@cecm N

% {ANTN,NIY vTHel

Z {u‘o‘.T , $olTexed
xl
o , otherwse

(S

where (Cs (x)). -
4T ;‘egm

o Nowerics for pair correlotions are consistent with Poisson process

list= {0, 3210}; i=1;
Do[While[list[[i+1]] - list[[i]] > 1,

list = Insert[list, List[[1]] + (List[[i+1]] - List[[i]]) /3, i+1]], (i, 01005}]; 2 craBe8ap=1/(-(1/3)«log[1/3]-(2/3)+Log[2/3]);

list = Accumulate [RandomVariate[ExponentialDistribution[averagegap], 90000]];
gaps = Flatten[Table[N[Differences[list, 1, j1], {j, 1, 100}]1];
Histogram[gaps, {0, 100, 0.5}, "PDF"]

gaps = Flatten[Table[N[Differences[list, 1, j]], {j, 1, 100}]];
Histogram[gaps, {06, 160, 0.5}, "PDF"]







